
la t ion (the continuous l ine) with the r e su l t s  of exper iments  (we as sumed  in the calculat ions that gp = 270 
k g / m m  z, and gt = 960 k g / m m 2 ) .  Compar i son  shows that the re  is quite sa t i s fac to ry  ag reemen t  between the 
exper imen ta l  and theore t i ca l  data. 

The  author  thanks E. I. Shemyakin and R. Kh. Izmagilov for the i r  help in ca r ry ing  out this  work. 
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M O B I L E  LOAD ON A 

PACKED M A T E R I A L  

I .  V.  S i m o n o v  

L A Y E R  OF I D E A L L Y  

UDC 539.374 

1. Physica l  Assmnpt ions .  A plane load, the shape and value of which does not change with t ime,  moves  
with constant  ve loc i ty  U0 over  the ex te rna l  sur face  of a layer  of ma te r i a l  of constant  thickness h, lying wi th-  
out f r ic t ion  on a r ig id  base .  We will study the plane s ta t ionary  motion of the medium when a shocl~rave U 0 > 
D O ex is t s ,  where  D o is the wave veloci ty  of the cor responding  p r e s s u r e  P00, in a sys tem of coordinate  (x, y) 
(Fig. 1), connected with the moving load P0 (x) (P0 (x) = 0, x > 0, Po (0) = P00). Before  the wavefront  the 
medium is tmperturbed:  P = 0, U = 0, p = P0 (P is the p r e s s u r e ,  U is the mass  veloci ty  vec tor  in the fixed 
sys t em of coordinates ,  and p, P0 is the c u r r e n t  and initial  density).  

The  m a t e r i a l  sa t i s f ies  the ba ro t rop ic  equation of state. Its P - 0 cha rac t e r i s t i c  is shown in Fig. 2 (the 
continuous line). The equation of the s t ra ight  line KM is d P / d p  = c 2 = const  when P(00) = Po0 (0 =: ( p -  
P0)/P0 is the volume deformation).  This  scheme is an ideal izat ion of the actual  behavior  of ma te r i a l s  contain-  
ing cavi t ies  or  pores  fi l led with eas i ly  compre s sed  ma te r i a l  (the dashed line in Fig. 2). The  initial nonlinear 
pa r t  of the loading can somet imes  be neglected when the cha rac t e r i s t i c  p r e s s u r e  is h igher  than the p r e s s u r e  
for  which the pores  col lapse,  and a fu r ther  inc rement  in the deformat ion  occurs  due to deformat ion  of the 
m a t r i x  (for example ,  when the m a t e r i a l  is subjected to shock loading of considerable  s t rength) .  For  soft 
me ta l s  this  region  is f rom tens to seve ra l  hundreds of ki lobars .  In this case  the volume deformat ions  of the 
m a t r i x  ma y  r e m a i n  small .  Fo r  many ma te r i a l s  the poros i ty  is not rees tab l i shed  when the load is removed,  
and i t  is possible to a s sume  that the deformat ion  is l i nea r - e l a s t i c  when the load is removed.  Since the level  
of tangent ia l  s t r e s s e s  (de termined by the re laxed  amplitude of the e las t ic  cha rac t e r i s t i c  or l imiting flow) is 
much less  than the p r e s s u r e  of total  packing, the r e s i s t ance  to shear  can be neglected. 
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Depending on the r e l a t ion  be tween 150 and c we will  have qual i ta t ively di f ferent  modes  of re f lec t ion  of 
an  inclined shockwave f r o m  a r ig id  wall.  When U0 > c r egu l a r  r e f l ec t ion  occu r s  with a s e r i e s  of a l te rna t ing  
loading and unloading waves  r e f l ec t ed  f r o m  the ex t e rna l  su r face  and the r ig id  wall .  In th is  case  reg ions  of 
negat ive  p r e s s u r e  m a y  be fo rmed  in the m a t e r i a l .  

In this  pape r  we will  confine o u r s e l v e s  to invest igat ing the mode in which D O < U0 < c. In th is  case ,  
l ike r e f l ec t ed  waves ,  t he re  will  be  no su r face  of discontinuity.  Dis tu rbances  of a s i m i l a r  type,  if they ex is t  
as  an init ial  condition, over take  the leading edge and do not ex i s t  in the s t e a d y - s t a t e  mode.  Mathemat ica l ly  
this  is due to the fact  that  the equat ions b e c o m e  el l ipt ic  in the pe r tu rbed  region.  

The  t r a n s i e n t  mode  U0 ~ c will  not be  considered.  As U0 -"  c - 0 the r e f l ec ted  wave f ronts  b e c o m e  
v e r t i c a l ,  and the i r  intensi ty  a p p r o a c h e s  infinity if  the ca lcula t ions  a r e  c a r r i e d  out within the f r a m e w o r k  of 
the scheme  a s sumed .  To  e l imina te  this  s ingular i ty  it  is  n e c e s s a r y  to take into account  the nonlinear  p r o p e r -  
t i e s  of the m a t e r i a l  and the convect ive t e r m s  in the equations of mot ion as  in the theory  of shor t  waves .  

The  p r o b l e m  of the ac tua l  value of the in te rva l  (Do, c)  is important .  For  continuous m a t e r i a l s  and 
weak  shock waves  these  quant i t ies  a r e  c lose  to one another .  Qual i ta t ively,  the value of Do is de te rmined  by  
the s lope of the line OK (Fig.  2), while the ve loc i ty  of  sound is  given by  the slope of KM, and hence  even  in 
the ca se  of weakly porous  m a t e r i a l s  they m a y  differ  cons iderab ly  in value.  Fo r  example ,  for  an  init ial  p o r o s -  
ity of  i ron  of 0.26 and p r e s s u r e s  of  ~40-45 kba r  on the shockwave f ront  (the poros i ty  b e c o m e s  prac t ica l ly  
zero} D ~ 1.65-1.8 k m / s e c ,  while the ve loc i ty  of sound in the dense i ron  powder is  4.6 k m / s e c  [1] ( there  is 
unfor tunate ly  no data  for  s m a l l e r  va lues  of the porosity}.  

Note that  for  nonstat ionaxy and i r r e g u l a r  (Mach} re f lec t ion  of shockwaves ,  th ree  shock waves  ex i s t  
s t a r t i ng  f r o m  the s a m e  point. In the p r o c e s s  we a r e  invest igat ing the re  is only a s ingle shock wave,  namely ,  
a r e f l ec ted  way0 which has ,  as  it  w e r e ,  gone outside the l imi t s  of the region.  

2. Mathemat ica l  Formula t ion .  In the x = (x, y} plane we will  consider  a r eg ion  ~2 bounded by  the 
s t r a igh t  l ines  y = 0, h, and an  unknown continuous line x = s ( y ) ,  y ~ [0, h ] .  The  r equ i r ed  functions P ( x ) ,  
U{x) = (U, V}, p ( x }  in the reg ion  ~2 m u s t  sa t i s fy  the equations of s teady mot ion  and continuity and the d e -  
fining r e l a t ion  

p(U --  U0)V U = v P  (Uo = (Uo, 0)), 

p div U = (Uo --  U)Vp, d P / d p  ---- c 2 (P(Oo) = Po0)- 

The  botmdary  conditions which c o r r e s p o n d  to the phys ica l  conditions on the ex te rna l  su r face  of the l aye r ,  
the r ig id  wal l ,  and which follow f r o m  the laws of conse rva t ion  on the f ront ,  have  the fo rm 

P = Po(x}  (Po(x) ~ P~ < oo, z ~ 0o) for v = l~, 

V -= 0 for: v ---- O, 

p = pol U I~/0, 15 = OUo (i  + s'~)-* O, - -  s'), 
d P / d p  = c 2 (P(0o) = P00)for x = s(y) .  

H e r e ,  when der iv ing  the second condition on the f ront  we used  the k inemat ic  re la t ion  D = -  U0(VF/t VF [2) 
(0F /0x)  , whe re  D is the wave veloci ty ,  and F = x -  s ( y )  = 0 is  the equat ion of the f ront  In expl ic i t  fo rm;  
the p r i m e  denotes  d i f ferent ia t ion  with r e s p e c t  to y. The  unknown function s ( y )  m u s t  sa t i s fy  the boundary  
condit ions which follow f r o m  the choice  of the s y s t e m  of coordina tes  and f r o m  the cons i s tency  of the boundary  
conditions 

s' (o)  = o ,  ~ = o ,  , '  = O o O o V o V & o -  ~)~ / '  (y  = h).  

By changing to the d imens ion les s  v a r i a b l e s  

P = poOoU~op, U = OoUou, u = (u, v),. A = 0/% 

( x and s axe  no rma l i zed  with r e s p e c t  to h without change in notation) and a f t e r  making  ce r t a in  t r a n s f o r m a -  
t ions ,  the equations and conditions of the p rob l em can be  r e w r i t t e n  in the f o r m  

(l - -  Oou)u~, - -  Oovu ~ = (1 - -  O)px, (2.1) 
( i  - Oou)V~, - Oovvy = ( t  - 0 ) p y ,  

u~, + v v = (x  ~ - -  t ) [ (Oou  - -  t ) p ~  + Oovpy 1, 

dA/ap = l - ~' 0 (1) = voo, >~' = l - UUc')  x ~ ~; 

p = po(z)  (P0(X) ~ Pi, x ~ oo) for y = t ;  (2.2) 
v =  0 for y = 0 ;  (2.3) 
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p = u = a / ( i  + s " )  = p ,  (y) ,  

v = - - s ' p . ,  dA /dp  = t - -  • (/9(1) = Poo) for x = s(y), 

s ' ( 0 ) - - 0 ;  s = 0 ,  s ' = ] / / p O ~ - - l = b  ( y = l ) .  (2.4) 

He re  the l e t t e r  s u b s c r i p t  denotes  pa r t i a l  different ia t ion.  

We wil l  confine our cons idera t ion  to the case  when 0 << 1 (and the po ros i ty  and de fo rmat ion  of the 
m a t r i x  a r e  sma l l ) .  Neglect ing the s m a l l  t e r m s  in Eqs.  (2.1) we obtain a s y s t e m  of equations of the f o r m  

u=  = p ~ ,  v~ = p y ,  x ~ p ~  = - - v ~ .  ( 2 . 5 )  

From the f irst  equation of (2.5) and the f irst  condition of (2.4) we have u(x)  = p (x ) .  Eliminating u 
f rom (2.5),  we obtain the equation 

u~pz= + py~ = 0. (2.6) 

We wi l l  e l imina te  u, v and A f r o m  the boundary  conditions. Putt ing A = 1 + e, the equat ion of s ta te  
can  be  wr i t t en  in the fo rm 

P = P00 - K 8  ( K  = ( t  - -  x~)-l). 

E l iminat ing  e f r o m  conditions (2.4) we obtain 

K - -  Poe 
P = P* (Y) = K (t + s , 2 ) .  1" 

We wil l  d i f fe ren t ia te  this  r e l a t ion  and the condition v = - s ' p .  a long the f ront  with r e s p e c t  to y 

We will  add to these  the equations f r o m  s y s t e m  (2.5), which in the l imi t  a l so  hold on the front ,  and we 
wil l  solve the s y s t e m  obtained for Px, Py, Vx, and Vy. P r o b l e m  (2.1)-(2.4) then r educes  to de te rmin ing  the 
function p(x) ,  ha rm on i c  i n t h e  reg ion  ~ ( x l ,  y)  = f l (nxl ,  y)  (x 1 = X / n ) ,  and the function s ( y )  f rom the con-  
dit ions 

py = 0 (y = 0), p = po(• (y = 1); (2.7) 

Op __ :~(s"p,-~2s'p'.) Op (u2--s '2)  p " - - s ' s " p ,  ( x =  S(V)) , (2.8) 
Ozi s ''~ -7' x ~ ' -~Y = s '~ -F • 

( p .  ~  " = ~ p.,,  p'~ = d p . / d ( s  '~) = K ( P o o - -  l ) [ K ( l  +s ' 2 )  - 1]-2); 

s ' ( O ) = O ;  s=O,  s '=b ,  s"= a(b 2+• , (u = l )  (2 .9)  

Here  a = dP0/dx lx=0 ,  and the condition for  s"(1) follows f rom the condition of continuity of  0p/0x~ at  
the point x 1 = 0, y = 1. 

Hence,  t he re  is  a s ingle condition on the known pa r t s  of the boundary  of the region ~ and t~vo condi-  
t ions on the unknown p a r t s .  Note that  i f  Eq. (2.6) is  a sympto t i ca l l y  accura te  with r e s p e c t  to 0, the conditions 
(2.7) and(2 .8)  a r e  accura te .  

3. The  Funct ional  Equation of the P rob lem.  We will  introduce the complex  va r i ab le  z = xl + iy and the 
function ~(z)  = 0p /Ox  1 - i0p/0y,  which is ana ly t ica l  in 94 = ~ U ~2~, where  ~2~ is the reg ion  s y m m e t r i c a l  to 
the r eg ion  ~ with r e s p e c t  to the  x 1 axis  (Fig. 3a); the condition ~(z ) = ~(~-) is  sa t is f ied.  

In the cu rv i l i nea r  p a r t  of the boundary  the r e a l  and imag ina ry  pa r t s  of the functions 6(z ) a r e  connected 
with the equat ion of this boundary  by  the nonl inear  d i f fe rent ia l  re la t ions  (2.8). When y = • i ts  r e a l  pa r t  
0p/Ox 1 = ~(dP0/dx)x=~cXl is specif ied.  

..... a ~ b 

F i g .  3 

507 



We will  wr i te  the n e c e s s a r y  and suff icient  condition for the complex-valued function of the points of the 
boundary to be  extended into the depth of the region. One of these  conditions is that the Cauchy-type integral  
should vanish at  any point outside the region [2]. Since the Cauchy-type in tegra l  is an analyt ical  function, i t  
is sufficient  for  it  to vanish off any a rc  which l ies  as  a whole outside 0,1, e .g . ,  on a sect ion of the r e a l  axis 

t ~ OLdZ 
I=-5-~- "j ~ _ % = 0 ,  X~<~xo<~X2 (X~>s(O)/:+)+ 

L 

where  L = L1 U ~ ;  L1 = {xl < O, y = :e l} ;  Ie = {xl = n - i s ( y ) ,  - 1  ___y _< 1}; ,I,L is the boundary value of q,. 

We will  t r a n s f o r m  the in tegra ls  with r e s p e c t  to L1 and L2 using the C a u e h y - R i e m a n n  formula ,  eondi-  
lions (2.7), and the p rope r t i e s  of symmet ry .  We finally obtain 

Iix~; s(y)l = I~ + I~, 

t i" u'dP~ I~= = ~  (*-x~) ~+~ 
L, -| (3.~) 

1 . 

L~ 0 

(x~ ~< z~ ~< x,, s(O) < x~ < xJ. 

Equation (3.1) is the bas ic  functional equat ion of the problem which s e rv e s  to de te rmine  s ( y ) .  After  
s ( y )  is obtained, the field of a r b i t r a r y  p can be calculated using the Cauchy integral .  A s imi la r  condition 
has  been  proposed  for  the approximate  solution of l inear  p roblems  in [3] and has been  rea l i zed  in [4]. 

The  in tegra l  I~ contains the boundary value of the function py on L~. We will  fur ther  es tabl ish a r e l a -  
t ionship between py (x, 1) and s (y) .  With this  a im we will  t r a n s f o r m  the region ~21. The function ~ = ~ + i~/= 
- i  sinh (v /2 )z t r aus fe r s t2  t into the upper half-plane ~ with a cutout ~une" (the region ~22 in Fig. 3b). In this  
case the rays  z = x l �9 i a re  conver ted  into the r ays  ~ = ~ = • cosh 0r/2)xl, andthe sect ion{x 1 = 0, -1  --- y ~ 1} 
is conver ted  into the sect ion { - 1  -< ~ -< 1, ~ = 0}. 

On the boundary 8~2z of the region ~22 the following in tegra l  re la t ion  holds:  

t 
f $ ~  (~+ ~ 0~). ,:I) tz ( ; d l  = ~. 

O-q~ 

Hence  

a---~P l l y R e  r ay ;=~o = ~ ~ (~0 > 1). (3.2) 
0-q,  

On the r ight  side of {3.2) py for  ~0 > 1 and ~0 < - 1  does not appear  explici t ly,  so that {3.2) solves the 
problem of  de termining py(x,  1) for  specif ied s ( y ) .  

The  in tegra l  over  ~ ~22 can be  divided into pa r t s  
- 1  co 1 

J, + J.., J, = -t + "Y, 
O'-qs - o o  1 - 1  

We will  now integra te  in the plane ~.  As a r e su l t  of t r ans format ions ,  connected,  in par t i cu la r ,  with the 
separa t ion  of the Sil~.gnl~rity in the function under the in tegra l  and the rep lacement  x = 1 - C t in J1, we ob-  
ta in  for  Jt and Jz the following final express ions  which a re  convenient  for calculat ions:  

pu(x, 1) = 3~ -../~, 

{!~G( t ' t o ) - G o ( t ) d t o _ G o ( t ) l n t - t l  J1 it (z)l  = ~ (t) t - t o t i' 

G dP--~ (to--t) sh[nz(to)/2• Go d, o z 
= dx Ix=x([0) ' : dx x:x(t) a~ (t)' ~" (to) -- ~ (t} (3.3) 

~(t) = ch [nx(t)/2• x(t) = I -- t -t. 
1 

f lap:  - B+ ~ (A~ --  .4._)1 ;-/~- ~] p: + (~: --  B~) g} :+.t~{x)l = - z j t ] ~ o = ~ l  ~ du, 
U 

A=A~ ~-, A~, . . . .  B = B  1 - B o ,  ~ 0 = - - s h ~ . c ~  y, 

508 



~s  ~ I ~r  
Al = --  ~_osh ~ sin ~- y, A~ = -g- sh -':2" 

BI = --  ~o ch ~ cos -~- y, B 2 = ~- sm .~y. (3.3) 

]~o • , ~1o, ~o=ch~sm"4Y. 

g = (s,,,-,o + 

4. A Method for  the Numer i ca l  Solution of the Fundamenta l  Equation of the P r o b l e m  and the Resul ts  of 
Calcula t ions .  We write  the functional 

X ,  
o 

H (s) = ,I [ I  (x~; s)] dx~_, 
Xa  

defined on the se t  of functions S, twice continuously d i f fe rent iab le  and sa t i s fy ing the conditions (2.9) a t  the 
ends  of the sec t ion  [0, 1]. 

H (s)  r e a c h e s  a m i n i m u m  of z e r o  on the func t i ons - so lu t i ons  (numer i ca l  calcula t ions  conf i rm the 
uniqueness  of the solut ion) .  

We wil l  s e e k  a m i n i m u m  of H ( s )  by  the method of t r i a l  and e r r o r  on subse t s  of  the functions S n c S, 
where  S n a r e  se t s  of cubic spl ine-funct ions  [5], and n is the number  of divis ions of the sec t ion  [0, 1]. As a 
f i r s t  approx ima t ion  we wil l  take n = 2 and we will  confine ou r se lves  to the ca se  when n = 3 for  the n u m e r i -  
ca l  solut ion of  the p r o b l e m  with accep tab le  accuracy .  For  each  approx imat ion  s n ~ S n the values  of I will  
be  ca lcu la ted  f r o m  Eqs.  (3.1), and the va lues  of py(x ,  1) will  be  ca lcula ted  f rom Eqs.  (3.3), which a r e  obtained 
on the a s s u m p t i o n  that  s is the t rue  solution. We will  a s s u m e  that  py (x, 1) ca lcula ted  in this  way converges  
to the a c c u r a t e  solut ion a s  s n - -  s (un i formly) .  

In fact ,  the computa t ional  p rocedu re  cons i s t s  i n  finding a m in imum of a function of n - 1 var iables~ 
TI 

which a r e  the ins tants  Mi = Sn(Yi) a t  i n t e rmed ia te  nodes.  Calculat ion on a gr id  M2, M 3 (n = 3) with a sma l l  
s t ep  showed that  the su r face  H(M2, M3) belongs to the " r av ine"  type,  and the d i rec t ion  of the "bo t tom of the 
rav ine"  coincides  app rox ima te ly  with the d i rec t ion  of the s t r a igh t  line M 2 + M 3 = const.  Correspondingly ,  we 
used a modif ied  method of sea rch ing  for  the m i n i m u m  of the " r av ine"  type function in the p r o g r a m  [6]. 

We will  now cons ider  the m a t h e m a t i c a l  na ture  of the p rob lem and the fundamental  equation to which it 
can  be  reduced.  P r o b l e m s  with unknown boundar ies  belong to the c l a s s  of inve r se  p r o b l e m s ,  the usual m e t h -  
ods of solving which often lead to ins tabi l i t ies .  The  s ame  can a lso  be  said of Eq. (3.1), s ince it  is an a b s t r a c t  
F r e d h o l m  equat ion of the f i r s t  kind. The  p rob lem can be  reduced  to solving an opera to r  equation of the second 
kind, but the n u m e r i c a l  r ea l i za t ion  of the solution of (3.1) gives  r i s e  to l e s s  doubts. Uulfl~e [7], where  a s i m i -  
l a r  method leads  to a s table  computa t ional  a lgor i thm,  the conditions in the boundary  value p rob lem presen ted  
h e r e  a r e  not of the s a m e  type. Calculat ions show that  in c e r t a i n  ve r s i ons  t h e  va lues  of  the functional r e a c h  a 
s e c o n d a r y  m i n i m u m  and the solution does  not sa t i s fy  the condition of continuity of py (x, 1 ) at  the point x = 0; 
the .variat ion of 5s 3 causes  a va r i a t ion  in Spy a c c o r d i n g  to Eqs.  (3.2), which compensa t e s  for  the effect  of 5s~ 
in the in tegra l  I. For  r egu la r i za t ion  pu rposes  a t e r m  is  added to the functional r e p r e s e n t i n g  the d i sc repancy  
in sa t i s fy ing the boundary  condition for  py(x ,  1) [8]. Note that  for  the s a m e  r e a s o n  the equation I = 0 is 
wr i t t en  in t e r m s  of @ (as in [7]), and not in t e r m s  of the ana ly t ica l  function p - i v / n  (which would be s o m e -  
what  s imp le r ) .  We would expec t  the functional H in this  v e r s i o n  to be m o r e  sens i t ive  to s (y).  

The  e r r o r  of the solut ion can be  e s t i m a t e d  f rom the quantity 6 = (Hm/H1)  " 1 0 ~ ,  where  H m :is the 

value of the m i n i m u m  of H achieved,  and H1 = f [ !1 dx2, a [Xs, Ks] is the sec t ion  of the x axis  s y m m e t r i c a l  
x~ 

to the sec t ion  [X3, X4] with r e s p e c t  to the point A a t  which I = 4~ = 0 p / ~ x  1. It was  fo rmed h e r e  f rom these  
cons idera t ions .  Since the solut ion in the reg ion  is found using the Cauehy in tegra l  i t  a ccu ra t e ly  sa t i s f i e s  the 
equat ions inside the region.  It  follows f rom the Sokhotskii  equation for  the l imi t ing  va lues  of  an in tegra l  of the 
Cauchy type # "  # -  = #L ,  where  ~- is the l imi t ing  value of a Cauchy- type  in tegra l  outside the reg ion  ~21~ 
tha t  the quanti ty 60 = [.@-/#L i" 100% r e p r e s e n t s  the d i s c r epancy  in sa t i s fy ing the boundary  conditions, s ince 
in the a c c u r a t e  solut ion ~ -  = 0. The  point A can be taken as the m o s t  r ep r e sen t a t i ve ,  s ince the solution in 
the neighborhood of the foot of the f ront  v a r i e s  s t rongly.  For  p rac t i ca l  calcula t ions  it  is m o r e  convenient  to 
t ake  6, r e p r e s e n t i n g  the r a t io  not of the l imit ing but of the ave r age  values  of I r l on the r ight  and lef t  of the 
f ront  of the front.  It  is c l ea r  intui t ively that  the va lues  of 6 m u s t  be  c lose  to 60. 

The  a c c u r a c y  a c h i e v e  is a l so  conf i rmed  by:  a) The b ranch  of the function py(x, 1) r eaches  a boundary  
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Fig. 4 

~alue when x = 0, and b) the va lues  of  p roach  an a sympto t i c  p --- Pl when x ~ - ~  as  a r e s u l t  of in tegra t ion  
of the field over  the f ront  in the depth of the region.  Calculat ions show that  the a c c u r a c y  of a) and b) c o r r e -  
spond to the e s t i m a t e  5. The values  of 5 at ta ined a r e  ~0.5%, and the a sympto t i c  b) is r eached  with re la t ive  
a c c u r a c y  not exceeding 2.570. 

To  in te rpola te  s (y) in the second approx ima t ion  we used the spl ine-funct ion sa(y)  on a nonuniform 
grid.  F o r  the m a j o r i t y  of ve r s i ons  the length of the in te rva ls  w e r e  chosen  in o rde r  to improve  the e s t ima te  5 
f r o m  s e v e r a l  pe r cen t  to ~0.570. When debugging the p r o g r a m  we chose  the op t imum values  of the in ternal  
l ~ r a m e t e r s  of the p rob l em (the number  of points ,  the i te ra t ion  s teps ,  etc .) .  

F igu re  4 shows an  example  of the n u m e r i c a l  ca lcu la t ion  of file p r e s s u r e  field (the components  of the 
v e c t o r  of the m a s s  ve loc i ty  u), no rma l i zed  to P00 in the phys ica l  plane and in the symbol ic  fo rm of writ ing.  
The  number  of spl i t t ings over  the th ickness  of the l ayer  is 30. A change to the next  symbol  indicates  a change 
of P/PQ0 by 0.05. The  n u m b e r s  0, 0._, 1, 1, 2, 2 , . . .  indicate  zones  of r educed  p r e s s u r e ,  and the l e t t e r s  A, A, 
B,  B,  C, C_ . . . .  indicate  the zones  of i nc reased  p r e s s u r e s ,  so that  the symbol  A co r r e sponds  to p/P00 = 1 
s A__) ~1 .05~  60, B) 1.1~: s  9_= 0.95 i s0 ,9  = 0 . 9 • 1 6 3  0=~-s  (60 = 0.025). 

The  g raph  of the loads is  shown by the a s t e r i s k s .  The f i r s t  row of the upper  symbols  a l so  r e l a t e s  to the 
load. The p r e s s u r e  on the su r face  was  speci f ied  in the fo rm 

t,o(x) ---- Poe exp [(--i))+l~xJ] (] = i, 2). 

Hence ,  we va r i ed  four ex te rna l  p a r a m e t e r s  of the p rob lem:  ~, the j - c h a r a c t e r i s t i c s  of the pulse length 
and shape,  b = s t (1) = (U~/D~ - 1 )t/2 = tan/3 - i ts  in tensi ty  or  anglo of inclination of the front  at  the point B 
( see  Fig.  1), and ~t = (1 - U~/c2) 1/2. When choosing b and n we took into account  the following facts .  F i r s t ,  
Pmax,  the m a x i m u m  p r e s s u r e  a t ta ined a t  the point A, should not be  high (otherwise  the a s sumpt ions  made  m a y  
b r e a k  down). We can ca lcula te  

Pmax/Poo = (b 2 ~ •215 

and we a s s u m e d  Pmax/Po0 < 5. Secondly, the denominator  in the e x p r e s s i o n  for  s"(1) in (2.9) when ~2 = 362 
van i shes ,  and when n 2 > 3b 2 the s ign of s"(1) b e c o m e s  unnatural :  A fall ing load c o r r e s p o n d s  to an i nc r ea se  
in the in tensi ty  of the shockwave into the depth of the region.  In [8] to explain  this s i tuat ion an invest igat ion 
was  m a d e  on a n  example  of  the p rob lem of sma l l  s t a t ionary  pe r tu rba t ions  of an inclined shockwave p r o p a g a t -  
ing in ha l f - space .  I t  was  e s t ab l i shed  that  for n2 >__ 3b 2 the solution has  an  in tegra ted  s ingular i ty  a t  the point 
B (an ind i rec t  indication of the instabi l i ty  of the solution). When ~t 2 < 3b 2 it is  e v e r y w h e r e  continuous in ~ (3 
L. Phys ica l ly ,  the condition vt ~ < 3b 2 means  that  the i soba r s  approach  f r o m  above,  n2 _ 3b 2 hor izonta l ly ,  
and ~2 > 3b ~ f r o m  below, to  the f ront  of the inclined shock wave.  When D O < Uo < c t h e r e  a r e  reg ions  (not of 
z e r o  measu re )  of the p a r a m e t e r s ,  which sa t i s fy  the inequali ty in some sense .  It  can  be  s e e n t h a t  sma l l  angles  
fl(0 _~tanfl _-< n / 4 " ~  co r re spond  to the inequali ty n2 >_ 3b 2. 
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T A B L E  1 ' 

No. of 
figure 

No., of 
curve 

5 

0,25 
0,25 
0,50 
0,50 
0,50 
0,50 
i,OO 
i,O0 
i ,00 

0,50 
0,25 
0,50 
0,25 
0,25 

0,30 
0,30 
0,60 
0,30 
0,60 
0,30 
0,60 
0,60 
0,90 

o o  

0,25 
o o  

o o  

0,50 
0,50 

o o  

t ,00 
1,00 

0,60 ] oo 
0,30 r 
0,60 0,50 
0,30 0,50 
0,30 . 0,25 

2 0,25 

2 0,28 
2 0,i0 

i 0,22 
t 0,39 

0,53 
0,20 

i 0,29 

s<o) 

0,i3 
0,27 
0,26 
0,36 
0,56 
0,45 
0,70 
0,93 
t,tO 

0,26 
0,t3 
0,53 
0,20 
0,29 

0 0~5 I, 0 J 

F~. 5 

Calcu la t ions  w e r e  m a d e  for  va lues  of  b = 1.0,  0.5,  and 0.25, and ~ = 0.9,  0.6,  (b = 1), ~ = 0.6, 0.3 
(b = 0.5),  ~ = 0.3 (b = 0.25). In th is  c a s e  ~ = 0.9 c o r r e s p o n d s  to U0 ~ 0 . 4 5 c ,  ~ =  0 . 6 -  U0 ~ 0.8c,  ~ =  0 . 3 -  
U0 ~ 0.954c.  

We wi l l  use  the c h a r a c t e r i s t i c  length of the pulse  of value  I = - x  0 (x 0 is the coord ina te  w h e r e  the in -  
t e n s i t y  of  the  load fa l l s  by  ha l f ) .  I n t h e  ca l cu la t ions  we used  1 = ~o 1.5;  1.0;  0.5; 0.25 (j = 1); l = 1.0;  0.5; 
0.25 (j = 1) ( c o r r e s p o n d i n g  to a = 0; 0.31;  0.7;  2.77;  11.4 (j = 2); ~ = 007; 1.39; 2.77 (j = 1)). 

The  i s o b a r s  a r e  c o n c e n t r a t e d  a r o u n d  the point  A, and fo r  long loading pu l ses  ( " s t eps"  in pa r t i cu la r )  
have  the shape  of  a r c s  of  ova l s  s t r e t c h e d  upwards .  As  the p a r a m e t e r  ~t is  r e d u c e d  the p i c t u r e ,  a s  it w e r e ,  
c o n t r a c t s  a long  the x ax i s ,  a l though the change  in the pos i t ion  of  the f r o n t  is r e l a t i v e l y  smal l .  The  s lopes  of  
the  i s o b a r s  a p p r o a c h i n g  the  f r o n t  a r e  in c o m p l e t e  a g r e e m e n t  wi th  the  r e s u l t s  of  the l i nea r  t heo ry  [8]. 

In  the  p a r t i c l e s  a f t e r  the  t r a n s m i s s i o n  of  a shock  wave  and a t  t i m e s  in a p a r t  of  the  f ron t  of  c o n s i d e r -  
ab le  t h i cknes s  addi t iona l  loading  o c c u r s  and m a y  be  tens  of  p e r c e n t  of the p r e s s u r e  on the front .  The  idea of  
tmloading beh ind  the f ron t  was  a p r i o r i .  

F o r  l N 1 the  i s o b a r  p i c t u r e  is  c om p l i ca t ed  by  the  e f fec t  of  unloading on the ex t e rna l  su r face .  A r eg ion  
of  r e d u c e d  p r e s s u r e  a p p e a r s  on the f ront .  T he  s lope of  the f ron t  changes  s ign  when t h e r e  is a t ten t~ t ion .  

We wi l l  r e p r e s e n t  the a t t enua t ion  by  the  quant i ty  e = i - Pmin/P00 

(Pm~n = 0<y~zrain p.(y)). 

The  e f fec t  of  a t t enua t ion  is r e d u c e d  c o n s i d e r a b l y  when  the angle  fi is r educed .  The  s a m e  va lae  of  e is 
obta ined  when  changing  f r o m  b = 0.5 to  b = 0.25 (1~ = 0.3} by  r educ ing  the  pulse  length  by  a p p r o x i m a t e l y  a 
half .  T h i s  can  be  expla ined  b y  the fac t  tha t  a s  fl ~ 0 the f ron t  and the i s o b a r s  b e c o m e  a l m o s t  v e r t i c a l ,  white  
the  wave  is  plane.  

The  shape  o f  the pulse  ha s  l e s s  e f fec t  on the so lu t ion  than  its length.  When  l is ha lved  the va lue  of  e 
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Fig. 6 

doubles.  Compar ing  the r e s u l t s  for  d i f ferent  pulse  shapes  (j = 1, 2) in the two si tuat ions:  b = 0.5, ~ = 0.6, 
l = 0.5 and b = 0.25, ~ = 0.3, l = 0.25, we obtain approx ima te ly  the s ame  value of the at tenuation (about 
0.27). Fo r  other  va lues  of b and ~ the e f fec t  of the shape is  g r ea t e r :  e ~ 0.39 (b = 1, j = 1, ~ = 0.9), e 
0.18 (b = 1, j = 2, ~ = 0.9). 

As the ve loc i ty  of  sound i n c r e a s e s  (as ~ inc reases )  the value of e i n c r e a s e s  considerably .  By c o m p a r -  
ing the solut ions for  b = 1, l = 1, j = 1 and d i f ferent  >t, we obtain e ~ 0.39 (1r = 0.9), e ~ 0.22 (~ = 0.6). 
The  s a m e  co r r e spondence  is obse rved  for  b = 0.5 and d i f ferent  ~ .  

F igu re s  5 and 6 show l ines of  the f ronts  and the p r e s s u r e  d is t r ibut ion  along the f ronts  and the r ig id  wall.  
The  re la t ionsh ip  be tween  the p a r a m e t e r s  and the number s  on the f igures  is  given in the table ,  where  we a lso  
show va lues  of e and s ( 0 ) .  

Curves  1 and 2 (Fig. 6) for p , (  Y)/P00 coincide,  which indicates ,  f i r s t ,  pa r t i a l  s i m i l a r i t y  (in those  c a s e s  
the cu rves  of p (x ,  0)/P00 diverge) in the case  of s tep  leading and the s a m e  values  of Pmax/P00 = ( b2 + ~2)/~2; 
and, second,  indi rec t ly  r ega rd ing  the  a c c u r a c y  at tained:  The e s t ima te  of  the r e l a t ive  d i f fe rence  of p , ( y )  (with 
r e s p e c t  to Pmax)  in a uni form m e t r i c  does  not exceed  2%. I f  the pulse is not a " s tep , "  s i m i l a r i t y  is not ob-  
s e r v e d  ( compare  cu rves  3 and 4 in Fig. 6). 

Fo r  sho r t  loading pu lses  (l = 0.25 ) a sho r t  wave  is  f o r m e d  in the neighborhood of point A: v e r y  high 
grad ien t s  (~p /Sx  ~ 10 ~ ) for m a x i m u m  va lues  of the functions themse lves .  We will  analyze  the ef fec t  of the 
neglected t e r m s  in s y s t e m  (2.1). D i r e c t  calculatiows using the da ta  f r o m  the calcula t ions  show that  the t e r m s  
00VUy and 00Wy up to 00 ~ 0.3 r e m a i n  an  o r d e r  of magni tude l e s s  than I Vp 1- In addition, the coeff icients  
(1 - 00u)/(1 - 0) ~ 1 - ( 1  - P00)00 in the f i r s t  two and (1 - uO0) in the th i rd  of Eqs.  (2.1) a r e  r ep laced  by  
tmity. The  la t t e r  m a y  introduce the  g r e a t e s t  e r r o r .  However ,  the va lues  of the functions a t  the point A a r e  
ca lcula ted  accu ra t e ly  he r e ,  while the neighborhood,  where  u = p m a y  cons ide rab ly  exceed  unity, is sma l l ,  so 
that  we would expec t  that  cons ide ra t ion  of the convect ive  t e r m s  when 8 < 0.2 has  a sma l l  e f fec t  on the so lu -  
t ion as  a whole unlike [9], where  the s i tuat ion is b a s i c a l l y  different .  

L I T E R A T U R E  C I T E D  

i .  

2.  

3. 

4. 

5. 

V. H e r m a n ,  "The  defining equat ion for dynamic  c o m p r e s s i o n  of p las t ic  porous  m a t e r i a l s , "  ~ .  Pe r .  
Mekhanika,  No. 5 (1970). 
M. A. L a v r e n t ' e v  and B. V. Shabat, Methods of the T h e o r y  of Functions of a Complex  Var i ab le  [in Rus -  
sian],  F izmatg iz ,  Moscow (1958). 
V. D. Kupradze ,  "Approx ima te  solution of p r o b l e m s  of m a t h e m a t i c a l  phys ics , "  Usp. Mat. Nauk, 22, No. 
2 (1967). 
Yu. v .  Vereyuzhsk i i ,  A. I. Vusatyuk,  and V. V. Savi tski i ,  ' ,Numerica l  rea l iza t ion  o f V .  D. K u p r a d z e ' s  
method for  solving ce r t a i n  s ta t ic  p rob l ems  in the theo ry  of e las t ic i ty ,"  in: The Res i s t ance  of Mate r i a l s  
and the T h e o r y  of S t ruc tu res  [in Russian] ,  Republic  In t e rdepa r tmen ta l  Scientif ic Collection,  BudivelTnik, 
Kiev, No. 25 (1975). 
S. B. Stechkin and Yu.N. Subbotin, Spline s in Computational Mathematics [inRussian], N auka, Moscow (1976). 

512 



6. 
7. 

. 

9. 

A. A. Pe rvozvansk i i ,  Sea rch  [in Russ ian] ,  Nauka, Moscow (1970). 
I. V. Simonov, "Di f f r ac t ion  of a p l a ~  shock wave by c o r n e r s  in an ideaUy packed medium,"  Izv. Akad. 
Nauk SSSR, Mekh. TvercL Te la . ,  No. 1 (1978). 
I. V. Simonov, " N u m e r i c a l - a n a l y t i c a l  invest igat ion of the p rob lem of a load t r ave l ing  in a l aye r  of 
ideal ly  packed m a t e r i a l , "  P r e p r i n t  Inst .  P robL Mekh. Akad. Nauk SSSR, No. 115 (1978). 
A. A. Grib ,  O. S. Ryzhov, and S. A. Khr is t ianovich ,  "The  theory  of sho r t  waves , "  Zh. Pr ikl .  Mekh. 
Tekh.  F iz . ,  No. 1 (1960). 

D Y N A M I C S  O F  T H E  F R A C T U R E  O F  

U N I D I R E C T I O N A L  G L A S S -  P L A S T I C  

M. V .  S t e p a n e n k o  UDC5.39.3+539.4 

The  dynamic  p rob lem of the concent ra t ion  of s t r e s s e s  and the subsequent  propagat ion  of a flaking c r a c k  
in unidirect ional  g h s s - p l a s t i c i s  cons idered .  A plane de fo rma t ion  is invest igated and the g l a s s - p l a s t i c  m a -  
t e r i a l  c o r r e s p o n d s  to the model  cons idered  in [1], i .e. ,  it is a s sumed  that  the a r m o r i n g  of the ffoer is in the 
uniaxial  s t r e s s e d  s ta te  ( e x t e n s i o n - c o m p r e s s i o n ) ,  and the f i l ler  (binding) is subjected only to a shear  s t r e s s .  

For  p r ac t i ca l  pu rposes  it is  impor tan t  to explain the fea tures  of the kinet ics  of c r a c k s  and the poss ib i l -  
ity of local iz ing them.  In this  paper  we solve these  p rob l ems  by a numer ica l  method,  which enables  us, with 
accep tab le  accu racy ,  to de s c r i be  the nons ta t ionary  wave p r o c e s s  of s t r e s s  concent ra t ion  and subsequent  f r a c -  
ture .  

The  p rob l em  of the dynamic  concent ra t ion  of s t r e s s e s  in the region of a defect  in a g l a s s - p l a s t i c  is  con-  
s ide red  in a l imi ted  number  of pape r s  (see ,  e.g. ,  [2, 3]). H e r e  we use the formula t ion  of the p rob lem given in 
[2], where  the solution of the dynamic p rob lem is obtained in the fo rm of the sum of a s e r i e s  with a finite 
number  of t e r m s ,  each  of which co r r e sponds  to the contr ibut ion of a wave re f lec ted  f rom a ce r t a in  f iber.  In 
[3] the p rob l em of approx imat ing  the dynamic  solution to the s ta t ic  solution with t ime is d iscussed .  It  is not 
poss ib le  to analyze the kinet ics  of f r a c t u r e  using analyt ica l  methods .  

The  formula t ion  of the p rob lem is as follows: A f iber  is s t re tched  to infinity with a constant  force ;  at 
z e r o  ins tant  of t ime ,  due to a ce r t a in  defect ,  one of the f ibers  instantaneously f r ac tu r e s ;  then the b roken  f ibe r  
begins  to be  unloaded, while the load on all  the o thers  is increased ,  the per turba t ions  f rom one rod  to another  
being t r a n s f e r r e d  by  shea r  waves  into the b inder ;  if we a s s u m e  that  the i nc rea se  in the load on al l  the f ~ e r s  
does not lead to the i r  f r ac tu re ,  f r ac tu re  can only occur  in the fo rm of longitudinal flaking c racks .  

We will  d i r ec t  the y coordinate  along the f iber ,  and the x coordinate  perpendicular  to it, and we will  
take the or ig in  of coordina tes  a t  the defect .  We will  take as  the unit of m e a s u r e m e n t  the quanti t ies which r e -  
la te  to the f i l ler :  the dens i ty  p ,  the shea r  modulus  G, the veloci ty  of shear  waves  c2 = G~-~p, and the d i s -  
tance  be tween f ibers  H ( H / c  2 is the unit of t ime) .  We will  introduce the following notation: Pl ,  E, and h a re  
the densi ty ,  Young's  modulus,  the th ickness  of the f iber  (c 1 = ~ / E / p ~  is the veloci ty  of sound in the f iber) ,  
t~ (y ,  t)  is the d i sp l acemen t  of the j - t h  f iber  (j = 0, • ~ 2 , . . . ) ,  v (x ,  y, t )  is the d i sp lacement  of~; point of 

e f i l le r ,  a j  = E 0 u j / 0 y ,  T = G 0 v / 0 x  a r e  the s t r e s s e s  in the f ibers  and the binder .  

The  g l a s s - p l a s t i c  is s t r e tched  to infinity with a s t r e s s  P. We will solve the p rob lem with r e s p e c t  to ad -  
di t ional  pe r tu rba t ions  due to b reak ing  of the f iber  (suppose this is the f iber  j = 0). The  equations in the d i s -  
p l acemen t s  and the boundary conditions have the fo rm (the initial  conditions a r e  the ze ro  conditions) 

~2v;~t ~- = a2v/ax2; (1) 

i 62z~: b2tt' 1 , 

c~ Or: ~y" 

~'(], y,  t) = uj(y,  t); (S) 

O u / 8 t  = - - P / E  (j = 0), u~ = 0 (] :/= 0):for y = 0, (4) 
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